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Abstract
The accuracy of the Black and Scholes (1973) delta and vega neutral portfolio for
a vanilla option was compared to a benchmark set by the Heston (1993) model in
a stochastic volatility environment. The Black-Scholes portfolio was implemented
using a fixed volatility and by implying volatility from the market. Additionally,
a portfolio based on the Dupire (1994) local volatility model was also compared.
It was found that a portfolio consisting of two short maturity options with match-
ing maturities was best hedged by the Black-Scholes model when using implied
volatility. This result was not maintained when the two options had mismatching
maturities as the proportional differences in the vegas no longer cancelled. Further
examination was completed on the type of financial instruments used to hedge
volatility, comparing portfolios that consisted of an additional option and a vari-
ance swap to offset any vega. It was found that both hedged the option well, with
similar accuracies.
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Volatility is one of the key parameters in option pricing and is often used to quote
options instead of their monetary value. These implied volatilities create surfaces
over a range of strikes and maturities with smiles and skews present, indicating
that volatility is not constant in the way that the classical Black and Scholes (1973)
model assumes. An alternative to the Black-Scholes model is the canonical Heston
(1993) model. The model’s popularity is due to its tractable form of incorporating
both stochastic volatility and a stochastic stock process in option pricing.
With volatility being such a key variable in pricing options, it is common prac-
tice to hedge it. This dissertation answers the question: how accurately does the
Black-Scholes hedge portfolio perform in a world where volatility is stochastic?
The stochastic world will be simulated and priced using the Heston model. A
hedged portfolio based on the Heston model sensitivities will act as a benchmark to
which three alternative portfolios will be compared. The first is the Black-Scholes
model, where, although the model assumes constant volatility, the sensitivity to the
fixed volatility parameter is used in constructing the portfolio. The second portfo-
lio makes use of implied volatility which is the volatility that calibrates the Black-
Scholes model to the market. The last portfolio is based on the Dupire (1994) local
volatility model, which provides a time varying volatility driven by instantaneous
sensitivities to the option value.
A result of the stochastic nature of volatility in financial markets is the introduc-
tion of variance swaps. Before its introduction, hedging volatility was performed
with an option that used volatility as a secondary parameter. Now, volatility can be
hedged with an instrument where volatility provides the underlying value. There-
fore, an analysis of the variance swap hedge compared to an option-based hedge
will be completed.
To summarise the results, it was initially found that the hedge portfolios for the
Black-Scholes model (using both fixed and implied volatility) and the Dupire lo-
cal volatility model converged to the Heston model portfolio as volatility became
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more constant. However, this trend was only present for a portfolio consisting of
two short-term options with matching maturities. Over short maturities, the vegas
of the Black-Scholes and Heston model behaved similarly, but differed in propor-
tionality. This proportionality was cancelled out when calculating the additional
option position resulting in equivalent portfolios. Thereafter, the portfolio was
changed so that the additional option had a longer maturity to avoid the errors
cancelling out. This resulted in all the portfolios performing poorly in hedging an
option under stochastic volatility. With regards to hedging volatility with a vari-
ance swap, it was found that similar accuracies were achieved in comparison to the
option-based volatility hedge.
An overview of this dissertation is as follows, Chapter 2 introduces option pric-
ing in the context of non-constant volatility. In Chapter 3, vanilla options and
variance swaps are priced and derived under stochastic volatility. These pricing
techniques are then validated in Chapter 4 with the use of Monte Carlo simula-
tions along with finite difference approximations to confirm the accuracy of the
derived sensitivities. In Chapter 5, accuracies of the hedge portfolios making use
of fixed, implied and local volatility models are compared in a stochastic volatility
environment with the Heston model setting the benchmark. Additionally, option-
based volatility hedging and variance swap-based hedging were compared. Fi-
nally, Chapter 6 concludes on the findings throughout this dissertation.
Chapter 2
Option Pricing
The financial industry has evolved throughout time and numerous option-based
instruments have been developed to meet the needs of the market. In this disserta-
tion, vanilla options on equities will be the main focus, with time-t prices given by





which is a function of the underlying stock price (S) at maturity (T ) and strike (K).
Along with the risk-free rate (r) which is assumed constant and α which indicates
the type of option, either a put (α = −1) or a call (α = 1).
Looking at Equation 2.1, modelling the underlying is key to accurately price an







with vt representing the variance of the stock over a given period, r representing
the drift in the risk-neutral world and W (S)t being the Brownian motion that drives
the random stock movement.
2.1 Modelling Volatility
In reality, volatility surfaces implied from market prices form smiles and skews
as depicted in Figure 2.1. These trends arise for a variety of reasons, the main
one being that in most models such as geometric Brownian motion (GBM) which
assumes constant volatility in Equation 2.2 (i.e.
√
vt = σS) it suggests that log-stock
returns are normally distributed. However, it is a stylized-fact that distributions of
log-stock returns are leptokurtic, as fatter tails and higher peaks are experienced in
the markets. The fatter tails are a result of the Black-Scholes model underestimating
extreme market movements (positive or negative). To account for these fatter tails,
practitioners increase the volatility for far in or out of the money options. This
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creates the curvature in the implied volatility surfaces known as the volatility smile
as seen in the left panel of Figure 2.1. Skews on the other hand, arise from an
in-balance in demand for options at either higher or lower strikes depending on
market conditions. The most common reason for skews is that low cost put options
are purchased by wealth managers to prevent severe losses in the event of a market
crash. This excessive purchasing on the lower spectrum of strikes increases the
value of the options which in turn results in higher volatilities being implied shown























Fig. 2.1: Implied volatility smile and skew.
2.1.1 Deterministic Models
The simplest case of volatility is the Black-Scholes model which assumes that volatil-
ity of the stock is known and constant over the life of the option (
√
vt = σS). The
simplifying assumption of constant volatility, combined with GBM results in an
easy to use and simple option pricer, with time-t prices given by
V BSt = α[StΦ(αd1)−Ke−r(T−t)Φ(αd2)], (2.3)
where Φ(x) is the cumulative standard normal distribution evaluated at x with d1
and d2 defined as
d1 =








and d2 = d1 − σS
√
T − t.
Even though the model is simple and easy to use, simplifying volatility to a con-
stant may be inadequate. To account for this, implied volatility (σimp) is an alterna-
tive approach. Implied volatility is the volatility that calibrates the Black-Scholes
model to market prices and is a function of strike and maturity. Practitioners often
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quote options in terms of implied volatility rather than quoting in price, because an
option is traded to hedge risks or the trader has a view on future movements which
is effectively taking a position on future volatility. Obtaining the implied volatility
works as follows:
V Market(K,T ) = V BS(K,T, σimp),
where σimp is the desired value to make the equation hold. An additional method is
a local volatility (σloc) model which provides an instantaneous and time dependent
volatility. The local volatility model derived by Dupire (1994) is one of the more
widely used models and is given as
σloc(K,T ) =








Similar to the stock process, variance can be modelled with an SDE of the following
format (Wilmott, 2013):
dvt = p(S, vt, t)dt+ q(S, vt, t)dW
(v)
t , (2.4)
which requires an additional Brownian motion term (W (v)t ) that can be correlated
to that of the stock dynamics (W (S)t ). The functions p(·) and q(·) heavily influence
the the dynamics of the volatility and are often calibrated so that the model can
accurately price exchange traded options (Wilmott, 2013).
There are numerous stochastic variance models, but the main focus will be the
dynamics outlined Cox et al. (1985) known as the CIR model, given by





The dynamics allow for the variance to move randomly with σv representing the
volatility of movements. Cox et al. (1985) also ensured that the variance is able to
revert back to a mean level θ as seen in reality at rate κ.
2.2 The Greeks
The Greeks of an option are measures of the sensitivity of an option’s value to
its underlying determining parameters. In any option portfolio, controlling these
sensitivities are crucial to understanding and managing portfolio risk. Although
there are many Greeks, the sensitivity towards the underlying and the volatility
will be the focus and are known as the option delta (∆) and vega (ν) respectively.
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The Black-Scholes (BS) Greeks are the sensitivities of the Black-Scholes option value











where φ(x) is the standard normal probability density function evaluated at x. Re-
call that α = 1 indicates a call option and α = −1 represents a put.
With the introduction of stochastic variance (vt), further parameters are incor-
porated into pricing such as the volatility of variance (σv). To avoid any ambiguity
and to maintain comparability to the Black-Scholes Greeks, the delta will still be
the sensitivity toward the stock price (St) and the vega will be sensitivity toward
the stochastic volatility (
√
vt).
In the chapter to follow, it will be shown that the hedging of an option requires
these delta and vega values to be neutralised to zero.
Chapter 3
Heston Model
Heston (1993) combines the risk-neutral dynamics of both the CIR model (Equation












The Heston model’s popularity is due to the fact that it combines both stochastic
stock and volatility processes while maintaining tractability.
In Section 3.1, the focus will be on vanilla option pricing using the Heston
model. The Heston model and its respective Greeks will be derived along with
a description as to how they will be implemented. Thereafter, Section 3.2 moves
onto pricing variance swaps which are more exotic instruments. The equations
derived by Zhu and Lian (2011) are outlined and the sensitivities are determined.
3.1 Vanilla Options
3.1.1 Pricing
As with the Black-Scholes model, the Heston model pricer can be derived via two
approaches - risk-neutral valuation and through portfolio replication. Both result-
ing in the same equation, but this dissertation will concentrate on the latter as it will
provide intuition on option hedging. After the Heston partial differential equation
(PDE) is obtained through a replication argument and estimating the form of the
characteristic function, the PDE for the characteristic function can be determined.
Solving this PDE produces a closed-form solution of the characteristic function.
Thereafter, with the help of Fourier transforms, the Heston model option pricer
will be determined.
To start the Heston PDE derivation, a portfolio (Πt) is constructed to remove
any uncertainty from an option V (1)t . To accomplish this, positions in two instru-
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ments will be required as there are now two Brownian motions (W (S)t & W
(v)
t ) with
correlation ρ. The two instruments will be an additional vanilla option represented
by V (2)t and the underlying stock (St) as depicted in the portfolio
Πt = V
(1)
t + n1St + n2V
(2)
t . (3.3)
The differential of the portfolio is given by
dΠt = dV
(1)
t + n1dSt + n2dV
(2)
t ,


























and substituting the dynamics of the share and variance, and given that dWtdt = 0,
(dt)2 = 0 and dW (S)t dW
(v)


























































































To ensure no Brownian motion terms can affect the portfolio, positions in the addi-












































This results in the portfolio having no local sensitivity to the underlying and the
variance.
Now that all the randomness has been removed from the portfolio, by a no-
arbitrage argument it should be equivalent to the value of a portfolio increasing at
the risk-free rate, r (dΠt = rΠtdt). Combining these positions along with Equation
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This can be rearranged so that all terms involving the two instruments (V (1)t & V
(2)
t )







































































The left hand side (LHS) of the equation is only a function of V (1)t and similarly,
the right hand side (RHS) of V (2)t . This implies that both the LHS and RHS can be
written as a function f(St, vt, t). To obtain a PDE describing option value, Heston
(1993) stipulates the structure as
f(St, vt, t) = −κ∗(θ∗ − vt) + λ(St, vt, t), (3.6)
where λ(St, vt, t) is the price of volatility risk along with κ∗ and θ∗ representing the
real-world parameters. An application of Breeden (1979) consumption model gives
a price of volatility risk that is a linear function of volatility, resulting in λ(St, vt, t) =
λvt, where λ is a constant. Furthermore, Heston (1993) also gives the parameters
for the risk-neutral dynamics as

































The boundary conditions for Equation 3.7 hold for a vanilla call option Vt(St, vt, t)
with maturity T and strike K. At expiry, the option is valued based on its intrinsic
value as follows:
VT (ST , vT , T ) = max(0, ST −K).
If the stock price is zero, the option has no value:
Vt(0, vt, t) = 0.
As the stock price increases toward infinity, delta approaches one as given by
∂
∂St
Vt(∞, vt, t) = 1
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and when the volatility increases, the call option becomes equal to the stock price
as follows:
Vt(St,∞, t) = St.
Moving onto the characteristic function derivation, it is now convenient to give
the option price as a function of xt = lnSt instead of the the asset value itself. Thus,





























By analogy to the Black-Scholes formula, Heston (1993) estimated a solution of a
vanilla call option of the form:
Vt(T,K) = e
xtP1(xt, vt, t)−Ke−r(T−t)P2(xt, vt, t).
This was substituted into the required partial derivatives of Equation 3.8 to obtain

























where c1 = 12 , c2 = −
1
2 , a = κθ, b1 = κ+ λ− ρσv and b2 = κ+ λ.
Heston (1993) postulated that the characteristic function of the logarithm of the
terminal share price could be described with a log linear function of the format
φj(u, vt, xt, t) = e
Aj(t,u)+Bj(t,u)vt+iuxt . (3.9)
The characteristic function will adhere to the same PDE as that of its probabilities












































+ iur + aBj = 0,










j − iucj + bjBj
and the second, a simple ODE for Aj
∂Aj
∂t
= −iur − aBj ,
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which is solved by integrating over time, bounded by the maturity (T ) and current
time (t). The solution of the Ricatti equation was given by Rouah (2013) as
Bj =








(iuρσv − bj)2 − σ2v(2iucj − u2) and gj =
bj − iuρσv + dj
bj − iuρσv − dj
.
Finally integrating the ODE results in










which provides the final function for the Heston characteristic function.
Combining Equation 3.10 and 3.11 with Equation 3.9, two characteristic func-
tions result. The reason being that the complex root of d has two symmetrical
values, one positive and one negative resulting in parameters differing by only
an addition or subtraction operation. Albrecher et al. (2007) re-examined this and
proved that although the Heston characteristic function works over a wide range
of parameters there are cases that result in oscillations, slow dampening and even
discontinuities resulting in poor numerical evaluation of the integral. Albrecher
et al. (2007) adjusted the Heston characteristic functions into a single, more stable
equation known as the Little Heston Trap characteristic function given by
φln(ST )(u) = e
C(u)+D(u)v0+iu ln(ST ), (3.12)
where






































The characteristic function can now be inverted through a Fourier transform to
determine the required probabilities for pricing an option. The option value will
take the following form:
Vt = Ke
−r(T−t)(β − P2)− St(β − P1), (3.13)
where P1 = QS(ST > K) and P2 = Q(ST > K) with β indicating the type of
option, either a put (β = 1) or a call (β = 0). Q is the risk-neutral measure with the
cash account (At) as the numéraire, whereas QS makes use of the stock price (St) as
the numéraire.
The probabilities in Equation 3.13 can be calculated through a Fourier transform
of the corresponding characteristic function. The formula derived by Gil-Pelaez
(1951) accomplishes this, for any random variable xT , with characteristic function
φxT , the probability of it exceeding a level k can be represented as














P2 can be computed simply with the Equation 3.14, using xT = ln(ST ) and k =















Before P1 can be calculated the characteristic function of ln(ST ) under QS is re-
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3.1.2 The Greeks
As with the Black-Scholes model, the Heston model’s Greeks can be determined

















































































The sensitivity to the underlying can similarly be determined and takes the form:
dVt
dSt
= P1 + S
dP1
dSt
− β −Ke−rT dP2
dSt
.










































Once again, applying the quotient rule to the differential of the characteristic func-
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3.1.3 Implementation
Like the Black-Scholes equation, P1 and P2 can be evaluated numerically. One such





























where un = (n− 12)δu and δu representing the change in u. This same approach can
be applied to numerically evaluate the Greeks in Section 3.1.2.
Rouah (2013) also suggests alternative forms of implementation, one being a
discretisation scheme such as the Milstein scheme for the stock over time intervals
of δt given as follows:
Sti =
S0 if i = 0,Sti−1e(r− 12vti−1 )δt+√vti−1δtzS,i if i > 0,
with the variance discretisation given by
vti =
v0 if i = 0,(vti−1 + κ(θ − vti−1)δt + σv√vti−1δtzv,i + 14σ2v(z2v,i − 1)δt)+ if i > 0,
where zv,i and zS,i are random numbers drawn from the standard normal distri-
bution with correlation ρ. The reflection is not part of the Milstein scheme, but
the variance process is able to produce values below zero. Lord et al. (2010) names
multiple methods to prevent negative variances, with the absolute value being the
safest.
The discretisation will enable stock and variance paths to be determined. This
is important when validating the Heston model through a Monte Carlo simulation
and when dynamically hedging an option.
3.1.4 Model Parameters
With volatility being stochastic, the Heston model can induce volatility smiles and
skews which are experienced in reality. Figure 3.1 shows how the parameters in
the dynamics of the CIR model affect the curvature of the volatility smiles and the
extent of skew. Correlation of the two Brownian motions (ρ) is the main factor
influencing the skew, with negative correlations resulting in negative skews and
vice versa. The correlation is typically negative, reflecting the leverage effect (Bae
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et al., 2007). Additionally, the rate of mean reversion (κ) and process volatility (σv)
affect the depth of the smile. The σv is directly proportional to the size of the smile
whereas κ has an inverse relationship. Furthermore, the level of mean reversion (θ)





























































Fig. 3.1: Volatility smiles and skews in the Heston Model.
3.2 Variance Swaps
Another set of instruments used to trade volatility are variance swaps. These are




with KVar0 being the strike which is fixed at inception, nominal L and ω indicating
the position, either long (ω = 1) or short (ω = −1) the swap. The realised variance
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is the random component in variance swaps and is calculated based on the closing











The number of measurements (N ) and time interval (δt) between each measured
value can differ and will be stipulated in the contract. This dissertation will assume
equally spaced intervals of one trading day.
3.2.1 Pricing
Throughout the life of a swap, the time-t price can be given by the discounted risk-





Furthermore, forward contracts have equal downside and upside risk. Therefore,







The value after inception (Vt) is calculated based on what the new variance strike
KVart should be to maintain the swap value at zero, given by
Vt = ωe
−r(T−t)(KVart −KVar0 )L.
















The function f(vt) is used for the initial time interval and is given by
f(vt) = e
C̃(δt)+D̃(δt)vt + e−rδt − 2












+ e−rδt − 2.
The separation is due to the fact that at t0 the initial values are known, but after-
wards the expected values for the following time intervals need to be estimated.
The additional functions are given by























Combined with the parameters calculated by
ã = κ− 2ρσv,
b̃ =
√












Like options, the sensitivity to parameters and variables can be computed for vari-
ance swaps. This dissertation concentrates on hedging the sensitivities to the stock
price (delta) and volatility (vega). Looking at the formula derived by Zhu and Lian
(2011), determining the expected realised variance requires no input of stock price,
hence, variance swaps have no delta. On the other hand, the variance swap most
definitely has a sensitivity towards the initial volatility as it is the underlying vari-
























































Before the hedge portfolios can be compared, the validity of the models are con-
firmed in this chapter. Since the Greeks are derivatives of a financial instrument’s




≈ f(x+ h)− f(x)
h
, (4.1)
will act as a point of comparison for the Greeks derived in Chapter 3. A small value
for h will suffice as an approximation for the sensitivities.
The pricing models can be validated with Monte Carlo simulations which allow
for the evaluation of an expectation, such as an option price or the realised variance,
through random number sampling and computation. The more random numbers
sampled, the more accurate the evaluation becomes. In both the Black-Scholes and
Heston model, Brownian motion drives the randomness and thus sampling will be
based on the standard normal distribution. As an example, the Monte Carlo for an
option price looks as follows
Vt(T,K) = αe













where z̄(S)i and z̄
(v)
i are vectors of random numbers sampled from the standard
normal distribution. Multiple random numbers are required for each sample path
as the Milstein scheme outlined in Section 3.1.3 discretises time, resulting in mul-
tiple random numbers required to progress the stock and the variance process to
maturity.
4.1 Option Pricer
The Heston characteristic function pricing method is compared with the Monte
Carlo valuation obtained using the Milstein discretisation scheme as seen in Figure
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4.1. The error bands are 3 standard deviations which decrease by the order 1√
n
with n being the number of sample paths. It can be clearly seen that the Monte
Carlo tends toward the estimation using the characteristic function method which
confirms the function is operating appropriately.
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5






















3 standard deviation bounds
Fig. 4.1: Heston option pricer Monte Carlo (S0 = 100,K = 105, ρ = −0.4, v0 = 0.06,
θ = 0.05, κ = 3, σv = 0.5, T = 0.5 and r = 3%).
The Greeks can be validated far more simply using Equation 4.1. As seen in
Table 4.1, the finite difference approximations for both the delta and vega of the
Heston model match what was derived, meaning the equations in Section 3.1.2 are
behaving correctly.
Tab. 4.1: Validation of the Heston model’s vega and delta (S0 = 100, K = 105,
ρ = −0.4, v0 = 0.06, θ = 0.05, κ = 3, σv = 0.5, T = 0.5 and r = 3%).
Greek Heston Finite difference
∆ 0.482 0.482
ν 14.571 14.571
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4.2 Variance Swap Pricer
The same validation was completed on the variance swap pricer given in Section
3.2. Once again, the Monte Carlo shown in Figure 4.2 proves that the realised
variance is being calculated correctly and the Monte Carlo converges towards the
closed-form solution derived by Zhu and Lian (2011).
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Zhu and Lian (2011) closed solution
3 standard deviation bounds
Fig. 4.2: Realised variance Monte Carlo (v0 = 0.06, ρ = −0.4, θ = 0.06, κ = 3,
σv = 0.5, T = 0.5 and r = 3%).
Similar to Section 4.1, the finite difference approximation and the sensitivity
with respect to volatility derived in Section 3.2.2 matched as summarised in Table
4.2.
Tab. 4.2: Validation of the variance swap vega (v0 = 0.06, ρ = −0.4, θ = 0.06, κ = 3,
σv = 0.5, T = 0.5 and r = 3%).




The option being hedged (V (1)t ) is a one month call option struck at 105 and will
require two additional instruments (I(1)t & I
(2)
t ) to remove sensitivity with respect





t (St, vt) + n2I
(2)
t (St, vt).
The vega will be neutralised in two manners - with an additional option (I(2)t =
V
(2)




t ) and the remaining delta is removed with
the underlying stock (I(1)t = St). To achieve vega and delta neutral portfolios, the
following equations need to be solved simultaneously to determine the required
positions in the two hedge instruments (n1 & n2):
∆T = ∆1 + n1∆I1 + n2∆I2 and
νT = ν1 + n1νI1 + n2νI2 .
∆T and νT are the target delta and vega of the portfolio which would be set to zero.
Whereas, the deltas and vegas underscored by 1, I1 and I2 indicate the respective
delta and vega for the option being hedged and instrument 1 and 2. In the case
of the stock, its delta and vega will simply be 1 and 0 respectively. Therefore, the
positions
n1 = −(∆1 + n2∆I2) and n2 = −
ν1
νI2
will be required to achieve a delta and vega neutral portfolio. Looking at the posi-
tion in the stock, it can be seen that it is simply the reverse position of the sum of
the deltas of the two options. The position in I(2)t is simply a ratio of the vegas from
the option being hedged and I(2)t .
In the comparison to follow, the Heston model and its respective hedge portfo-
lio will act as a benchmark and will be used to evaluate the accuracy of the three
alternative portfolios. The portfolios being compared are the Black-Scholes model
that uses a fixed volatility, the Black-Scholes portfolio that implies volatility from
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the market and the Dupire (1994) local volatility model. In both the Heston and
Black-Scholes model, replicating the option requires continuous hedging. In re-
ality, this is not achievable for two reasons; trading continuously is not possible
and even if it were, the transaction costs to maintain such a portfolio will make the
replication irrelevant. Therefore, practitioners try find a balance between cost effec-
tive trading and letting sensitivities depart from zero. The frequency of adjusting
the hedge positions can range from once at inception known as static hedging to
dynamically hedging up to twice a day depending on the size of the portfolio.
5.1 Option-based Hedging
When using an option to hedge volatility, the portfolio will be of the same format
as in the Heston Model PDE derivation which ensured no sensitivity to the stock
or the variance given by
Πt = V
(1)
t + nSSt + n2V
(2)
t , (5.1)
with the positions in the stock (nS) and additional option (n2) being




The additional option will always be struck at the money and will initially have
a maturity that matches the maturity of the option being hedged. Thereafter, the
additional option will be continually purchased at a one year maturity and also
struck at the money to see the effects of mismatching the maturities.
5.1.1 Static
The difference between the Black-Scholes and Heston model is that the Heston
model does not assume variance as a constant variable, but rather a stochastic
one that follows the CIR process (Equation 3.2). The properties of vt are described
by Rouah (2013) and it is shown that the process 2ctvt follows a non-central chi-
squared distribution with 4κθ
σ2v
degrees of freedom and a non-central parameter of
2ctvse
−κ(t−s) with ct = 2κσ2v(1−e−κ(t−s))
, resulting in the expected value and variance
of the variance process as follows:
E[vt | vs] = θ + (vs − θ)e−κ(t−s) and (5.2)











Examining Equations 5.2 and 5.3, it can be seen that setting σv, the volatil-
ity of variance to zero, the random component of the variance falls away. This
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turns the variance process into a deterministic process, but time varying model as
Var[vt | v0] = 0. Furthermore, setting θ to v0, the variance process becomes time
independent with E[vt | v0] = v0. Therefore, with θ equal to v0 and σv set to 0, the
Heston model collapses to the Black-Scholes model, with both having equivalent
prices and hedge positions which is illustrated in Figure 5.1.









































Fig. 5.1: Static hedge positions whilst varying θ (S0 = 100, K = 105, ρ = −0.4,
σv = 0, v0 = 0.06, κ = 3, T = 1 and r = 3%).
A similar argument can be made about κ, because it is the rate of mean reversion
which is effectively how strong the pull back to the mean is. Thus, as it tends to
infinity the variance of the variance process tends to zero, resulting in a constant
process with an expected value tending toward θ. This trend can be visualised in
Figure 5.2 below and even with a κ of 20, the hedge positions determined by the
Heston model are well matched by all three alternative portfolios.











































Fig. 5.2: Static hedge positions whilst varying κ (S0 = 100, K = 105, ρ = −0.4,
v0 = 0.06, θ = 0.06, σv = 0.5, T = 1 and r = 3%).
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Therefore, the effects of κ −→ ∞ is equivalent to the combination of θ = v0
and σv = 0. They are the main parameters that control the variability and expected
value of the variance process. This is further emphasized with Figure 5.3 as it shows
that the correlation (ρ) of the two Brownian motions become less significant as κ
tends to infinity and thus, tending towards the Black-Scholes hedge positions. On
the other hand, at lower values of κ, the randomness introduced has a greater effect
since the drift is no longer dominating the dynamics in Equation 2.5. It can be seen
that at positive correlations the Black-Scholes underestimates the hedge positions
in the stock and over estimates with positive correlations. The reverse is true for
the position in the additional option.












































Fig. 5.3: Static hedge positions whilst varying κ and ρ (S0 = 100, K = 105, v0 =
0.06, θ = 0.06, σv = 0.5, T = 0.5 and r = 3%).
5.1.2 Dynamic
In the static case, fixed positions were taken in the hedging instruments over the life
of the option being hedged. Whereas hedging dynamically requires re-balancing of
the positions throughout the period of the option. The benefit of dynamic hedging
is that positions are fixed for shorter time intervals so that they can be adapted
based on current market conditions resulting in a more accurate hedge. Over each
time interval, a change in portfolio value can occur due to the re-balancing as the
value of the portfolio’s instruments at the end of the interval could differ from the
beginning. These value changes are accumulated and termed the profit and loss
(P&L) of the hedge. Each change in value over the period ti−1 and ti is calculated by
subtracting the portfolio value at the beginning of the period (Πti−1) from the value






These changes are all discounted back to the current time (t0) and summed to form
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where tN = T .
The P&L can be calculated for multiple sample paths and form a distribution
which can be used to visually measures the accuracy of a hedge. To analyse more
quantitatively, the sum of squares (SS) of the distributions will be compared. A
characteristic of an accurate hedge is that the mean is centred around zero as no
clear profits or losses are obtained as the portfolio consists of the option being
hedged along with its replicating portfolio. Furthermore, the accuracy of the hedge
can be quantified with the SS of the distribution which shows how concentrated it
is over zero. The more concentrated over zero, the less profit or loss being incurred
over the hedging period resulting in a higher hedge accuracy.
As mentioned previously, to achieve a perfect hedge, continuous trading is re-
quired. The P&L of a perfect hedge would be a point mass over zero, because no
profit or loss is incurred. As frequency of re-positioning decreases, the P&L will
begin to flatten and look normally distributed around zero. To demonstrate this
effect and to prove to the reader that the P&L is behaving accordingly, the P&L for
the Heston model was plotted at various frequencies as seen in Figure 5.4.
































Fig. 5.4: Effect of re-balance frequency on P&L distribution (S0 = 100, K = 105,
ρ = −0.4, v0 = 0.06, θ = 0.06, κ = 3, σv = 0.5, T = 112 and r = 3%).
The P&L distributions provide a visual way to compare the accuracy of various
hedging technique, from now on, the accuracy will be measured by the distribu-
tions sum of squares (SS). With a low SS indicating higher accuracy as long as the
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mean is centred around zero. This is illustrated by Figure 5.5 which shows the sum
of squares of Figure 5.4.




















Fig. 5.5: Effect of re-balance frequency on sum of squares (S0 = 100, K = 105,
ρ = −0.4, v0 = 0.06, θ = 0.06, κ = 3, σv = 0.5, T = 112 and r = 3%).
Even though the frequency of re-balancing is an important factor, to achieve
comparable and realistic results the hedge positions will be adjusted daily through-
out the remainder of this dissertation.
The hedging techniques will be compared in various regimes that can be experi-
enced by the market outline by Crépey (2004). Since, the Heston model parameters
are usually calibrated to represent the markets volatility movements, the parame-
ters can be varied to induce certain characteristics that the market experiences. The
3 regimes that will be of most significance are summarised in Table 5.1.
Tab. 5.1: Market regimes.
Regime 1 Constant (high κ and low σv) vs. volatile variance (low κ and high σv)




Regime 3 High (high θ and v0) vs. low variance (low θ and v0)
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Matching Maturities
In this section, the option used to hedge the volatility (V (2)t ) has the same maturity
as the option being hedged (V (1)t ). This portfolio will be referred to as ’matching
maturities’.
The first market characteristic examined was how constant the variance pro-
cess is, which can be controlled by the rate of mean reversion (κ). To recap the
effect of κ, as it tends toward infinity, the pull towards θ becomes so significant
that the variance process becomes constant. The κ effects combined with a high
volatility (σv = 0.9) are illustrated on the left panel of Figure 5.6 and a low volatil-
ity (σv = 0.1) on the right panel. Starting with the high volatility, the implied
volatility technique best matches the Heston model followed by the local volatility
model and then the fixed volatility model. Although there is a significant differ-
ence at lower κ, as the κ increases, the rate of mean reversion begins to outweigh
the volatility introduced and all models converge, because the volatility is becom-
ing more constant. On the other hand, with a low volatility (right panel) it can be
seen that even low κ are able to induce the effect of constant volatility resulting in
all four models having highly similar sum of squares.












































Fig. 5.6: Regime 1 effect on the sum of squares of the P&Ls (S0 = 100, K = 105,
ρ = −0.4, v0 = 0.06, θ = 0.06, T = 112 and r = 3%).
For the comparison in Regime 2, θ was varied from being a quarter of the initial
variance to 5 times greater. Since θ is the level of mean reversion, when θ < v0 (or
θ > v0) the variance process will decrease (or increase) towards θ at rate κ. The
effect on the sum of squares of the P&L for an increasing/decreasing variance at
a high volatility (σv = 0.9) is shown on the left panel of Figure 5.7 and the right
panel illustrates the affect of low volatility (σv = 0.1). With increasing variance, the
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accuracy of the fixed volatility portfolio diverges away from the benchmark set by
the Heston model. Whereas, the implied volatility method matched the benchmark
the best, closely followed by the local volatility model, throughout the range of θ.
The right panel once again iterates the point made in the static section, with θ = v0
and σv being low, the variance process becomes constant. Therefore, when θv0 = 1
the distribution’s sum of squares converge.














































Fig. 5.7: Regime 2 effect on the sum of squares of the P&Ls (S0 = 100, K = 105,
ρ = −0.4, v0 = 0.06, κ = 3, T = 112 and r = 3%).
With regards to Regime 3, it was found that higher levels of variance had little
effect on the trends outlined in Figure 5.6 and 5.7. The trends were maintained,
but the higher variances produced more variable P&Ls which is expected as the
stock paths can increase and decrease significantly more than with a lower variance
resulting in larger hedging error. This aligns with what was seen in Figure 5.7, at
higher levels of θ it can be seen the sum of squares begins to increase as the mean
variance level increases.
From the above discussion we can conclude that the most significant character-
istic that differentiates the hedges is the volatility of the variance process. This can
be controlled with κ and σv. Therefore, the hedge positions were analysed at a close
to constant volatility (κ = 50 and σv = 0.1) and a volatile variance process (κ = 1
and σv = 0.9). The hedge positions varying through time depicted in Figure 5.8 are
align with the results obtained from the sum of squares of the P&Ls. At constant
volatility, the positions of all the models overlay each other resulting in similar
accuracies of the hedge. Whereas the volatile variance process experiences sub-
stantially different hedge positions with the portfolio using fixed volatility clearly
performing the worst.
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Fig. 5.8: Dynamic hedge positions with matched maturities (S0 = 100, K = 105,
ρ = −0.4, v0 = 0.06, θ = 0.06, T = 112 and r = 3%).
It may seem odd that the stock position to hedge the call option is out of the
range of [0,−1]. However, there are two sources of delta - one from the option
being hedged (V (1)t ) and another from the additional option (V
(2)
t ) to hedge the
vega. The additional option can introduce or remove additional delta depending
on the ratio of the two vegas.
The Greeks
The hedge positions are dependant on the Greeks as they are calculated solely
based on the stock and volatility sensitivities. The additional option position will
be analysed first as it is independent of the position in the stock and is controlled
strictly by the vegas.
The trend over the range of strikes is consistent for both the Heston and Black-
Scholes model as seen by Figure 5.9. Vega peaks at the money and moving further
in or out of the money, the option becomes symmetrically less sensitive to volatility.
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Looking at effects of κ, the vegas seem to decrease proportionally over the range
of strikes as κ increases at short maturities even with respect to the Black-Scholes
vega. This is understandable because a higher κ results in a stronger pull back to θ,
so any change in the initial value will have less effect as the variance will return to
the mean level faster. Since the position in the option is calculated based on the ratio
of the vegas, the majority of the proportionality cancels resulting in similar option
positions at a variety of parameter inputs for both the Heston and Black-Scholes
portfolios. To illustrate this point, the two black squares indicate the Black-Scholes
vegas for two options; a strike of 105 and a strike of 110. Similarly, the two red dots
indicate the Heston vegas for the same two options described above. Visually, they
seem to be in similar proportions which shows why the option positions are fairly
consistent even though the vegas themselves can differ so drastically.













Fig. 5.9: Effect of moneyness and κ on ν (S0 = 100, ρ = −0.4, v0 = 0.06, θ = 0.06,
σv = 0.5, T = 112 and r = 3%).
Since the position in the additional option relies on a ratio of the two vegas,
issues could arise when the proportionality no longer cancels. Figure 5.10 shows
how the above trend is only maintained for short maturities, the vegas do not main-
tain their proportionality as maturity increases. This is due to a change in the ini-
tial volatility having different effects on the Heston and Black-Scholes vegas. The
Black-Scholes vega will continually increase with an increase in the initial volatility
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as the effects are permanent. On the other hand, the vegas from the Heston model
increase fast, peak and then deteriorate to zero with κ effecting the rate of this de-
terioration. If the initial volatility increases, but θ remains the same, the volatility
will revert to θ. With longer time horizons and higher rates of mean reversion, the
variance has the opportunity to return to θ resulting in no effect to the option value
in the long run. The proportionality or in this case lack thereof is no longer present
and is illustrated with the two black squares (Black-Scholes) and the two red dots
(Heston). They still both represent two options, but in this case they have different
maturities and are all struck at the money. This could introduce problems when the
option used to hedge the volatility is of a different maturity time.


















Fig. 5.10: Effect of time and κ on ν (S0 = 100, K = 105, ρ = −0.4, v0 = 0.06,
θ = 0.06, σv = 0.5 and r = 3%).
Moving onto the stock position, which ensures delta neutrality. The deltas of
the Black-Scholes and Heston model experience the same trend over a range of
maturities, illustrated by Figure 5.11. As they both represent the probability that
the stock will be greater than the strike (Bakshi et al., 1997). When the option is
highly likely to end in the money, the delta is close to one. The likelihood increases
as the strike and maturity time decrease until the option expires. At expiry all that
will remain is a step function showing the option was either in (∆ = 1) or out the
money (∆ = 0).
























Fig. 5.11: Effect of moneyness and time on ∆ (S0 = 100, ρ = −0.4, v0 = 0.06,
θ = 0.06, κ = 3, σv = 0.5 and r = 3%).
Although the deltas experience the same trends, they do differ. The differences
are referred to as hedge ratio bias by Kurpiel and Roncalli (1998) and they are
highly dependent on the Heston model parameters and the maturity time. Once,
again κ was varied and the difference between the Heston and Black-Scholes delta
was taken over a range of strikes as seen by Figure 5.12. The same behaviour in
the difference is experienced over the strike, with the κ accentuating this trend. As
mentioned previously, the delta is effectively the probability that the option will be
in the money, QS(St > K). So as the volatility becomes constant (κ→∞), the like-
lihood of ending in the money will be the same as the stock follows the dynamics of
GBM, because volatility is now constant and thus, ∆H → ∆BS . Furthermore, like
the vegas previously, the Black-Scholes delta poorly represents the Heston model












































Fig. 5.12: Difference of the Heston and Black-Scholes ∆ whilst varying moneyness
at certain κ (S0 = 100, ρ = −0.4, v0 = 0.06, θ = 0.06, σv = 0.5 and r = 3%).
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Maturity Mismatch
In this section, the option being hedged remains unchanged as a one month call
option (V (1)t ), whereas the option used to hedge the volatility (V
(2)
t ) will now have
a standard maturity of one year and will still be struck at the money. This portfolio
will be referred to as a ’maturity mismatch’.
The reason for this adjustment is to compare the hedge portfolios when the
proportionality of vegas is no longer present. Furthermore, although the ’matching
maturity’ portfolio is theoretically sound, in reality, the option used to hedge will
depend on market liquidity. The most liquid options would act best as hedging
instruments which would be at the money options with set maturities. Figure 5.13
demonstrates the accuracy of portfolios with mismatching maturities.


















































































Fig. 5.13: Regime effect on the sum of squares of the P&Ls using mismatched ma-
turities (S0 = 100, K = 105, ρ = −0.4, v0 = 0.06, θ = 0.06, κ = 3, T = 112
and r = 3%).
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All the alternative portfolios poorly match the accuracy of the Heston model in
both Regimes. Furthermore, the only trend present from Figure 5.6 and 5.7 is that
at high variance levels, the sum of squares increases because the hedging is dis-
crete and the more volatile movements in prices result in greater profit and losses.
To further emphasize the inadequacy of the Black-Scholes Greeks in comparison
to Heston’s with different maturities, Figure 5.14 was produced. In both scenarios
(volatile variance and constant variance), all three methods of modelling volatility
are substantially worse than the Heston model at determining the hedge positions
and only converge closer to maturity. The convergence happens because the op-
tion being hedged will have very little vega resulting in a small position in the
additional option. Similarly, the delta’s will be fairly consistent as they will either
most likely be in the money (∆ = 1) or out the money (∆ = 0).
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Fig. 5.14: Dynamic hedge positions with mismatched maturities (S0 = 100, K =
105, ρ = −0.4, v0 = 0.06, θ = 0.06, T = 112 and r = 3%).
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5.2 Variance Swap-based Hedging
The portfolio of an option being hedged with a variance swap is of a similar format
to what was previously used, given by
Πt = V
(1)
t + nSSt + nswapV
swap
t .
The position in the variance swap (nswap) is similarly calculated based on a ratio of





However, the position in the stock (nS) to maintain delta neutrality will differ.
Before, the instrument used to hedge volatility was an additional option which
brought in further delta to be hedged. Variance swaps have no delta, even though
realised variance is calculated based on a set of stock price measurements, they are
only used to determine a weighted average of the variance and act as points of ref-
erence. Therefore, the position in the stock is simply the reverse of any delta from
the option being hedged, given by
nS = −∆1.
It was shown that the Black-Scholes equation for vega is inaccurate at representing
the Heston model’s vega, especially with long maturity options. Therefore, this
section will make use of the sensitivities from the Heston model to determine the
positions in the hedge instruments.
The results of hedging volatility with another option in comparison to a vari-
ance swap are similar in accuracy as seen by the left panel of Figure 5.15 which
shows the profit and loss distributions. The variance swap hedge is slightly more
accurate with a sum of squares of 155 in comparison to the option-based hedge of
181. This difference is small and could reverse depending on the Heston param-
eters. The right panel of Figure 5.15 shows the capital required to maintain vega
neutrality in each case. The variance swap-based volatility hedge is far less cap-
ital intensive in comparison to the option-based hedging. This is due to the fact
that the underlying of a variance swap is the variance itself and has a far higher
sensitivity to volatility than an option, where volatility is a secondary parameter.
Furthermore, the realised variance is multiplied by 1002 so the sensitivity is ampli-
fied. Since the variance swap has a far higher vega, the nominal value required in
the variance swap is far lower than that of the option to achieve vega neutrality.




































Fig. 5.15: Variance swap vs. option-based volatility hedging (v0 = 0.06, θ = 0.06,
κ = 3, σv = 0.5, δt = 1365 , T =
1
12 and r = 3%).
Chapter 6
Conclusion
In a portfolio consisting of an option, an additional option position with matching
maturities and a stock position, it was found that the Black-Scholes portfolio with
volatility implied by the prevailing option prices, gave a portfolio that best matched
the Heston model portfolio. Furthermore, when the stochastic volatility became
more constant, all the models began to converge to the same portfolio regardless of
the volatility model implemented.
It is interesting to note that although the Heston and the Black-Scholes deltas
were highly similar over a range of strikes and maturities, the vegas experienced
completely different trends. At shorter maturities, the Heston model vega behaved
like the Black-Scholes vega, peaking at the money and deteriorating symmetri-
cally as moneyness increased and decreased. The difference became apparent over
longer maturity options as a change in volatility had different effects between the
two models. The Black-Scholes model assumes constant volatility and the initial
change will be present throughout the option’s life, thus increasing the vega as
maturity increases. The Heston model has a level of mean reversion (θ) that the
variance will revert to. The longer the maturity or higher the κ, the faster the vega
will reduce as the effect of an increase in volatility is minimised. Since the two op-
tions in the portfolio had the same maturity, these inaccuracies in the vega were
removed due to their proportionality.
The portfolio was adapted so that the additional option maintained a matu-
rity of one year to ensure no overlapping of maturities. In this format, all three
alternative portfolios poorly matched the Heston model’s benchmark. Finally, a
variance swap was used to hedge the volatility of the option which was once again
compared to the initial benchmark set. It was found that the variance swap port-
folio performed slightly better as the variance swap has such a large sensitivity to
volatility, requiring only a small investment to vega hedge and thus reducing the
size of both profits and losses, resulting in a distribution more concentrated over
zero.
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